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Abstract
Let l be a prime number and K be a cyclic extension of degree l of the rational function field
Fq(T ) over a finite field of characteristic = l. We study the l-part of the ideal class group of the
integral closure of Fq [T ] in K , and the l-part of the group of divisor classes of degree 0 of K as
Galois modules. Using class field theory, we can describe explicitly part of the structure of these
l-class groups. As an application, we get (for l = 2) bounds for the order of the 4-torsion on JX(Fq),
the group of points defined over Fq on the Jacobian of a hyperelliptic curve X/Fq .
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction
Let l be a prime number and q a prime power with l  q . We denote by F = Fq(T ) the
rational function field in one variable over the finite field Fq . The prime ∞ corresponding
to T −1 will be called the infinite prime of F . Consequently we put OF = Fq [T ], the ring
of integers of F . Consider a cyclic extension K/F of degree l, and let OK be the integral
closure of OF in K .
There are two natural ways of associating a class group to K . First there is C(K), the
ideal class group of the Dedekind domain OK , an arithmetic object analogous to the class
E-mail address: wittmann@informatik.unibw-muenchen.de.1071-5797/$ – see front matter © 2005 Elsevier Inc. All rights reserved.
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328 C. Wittmann / Finite Fields and Their Applications 13 (2007) 327–347group of a number field. Secondly one can look at Pic0(K), the group of divisor classes
of degree 0 of K . This is a more geometric object, since it is equal to the points defined
over Fq on the Jacobian of X, where X/Fq is the projective curve corresponding to the
function field K .
There is a canonical map ϕ : Pic0(K) → C(K) linking these two finite groups, and in
many cases they are even isomorphic. We want to study the l-Sylow subgroups C(K)l
and Pic0(K)l of these groups. The Galois group G = Gal(K/F), generated by some
element σ , acts on these class groups. Hence they are Z[G]-modules, obviously annihi-
lated by the norm element 1 + σ + · · · + σ l−1. If we denote by Zl the ring of l-adic
integers, then C(K)l and Pic0(K)l are finite modules over the discrete valuation domain
Zl[σ ]/(1 + σ + · · · + σ l−1). Thus their Galois module structure is given by the respective
dimensions
λi = dim
(C(K)(σ−1)i−1l /C(K)(σ−1)il )
and
μi = dim
(
Pic0(K)(σ−1)
i−1
l
/
Pic0(K)(σ−1)
i
l
)
for i  1, these quotients being Fl-vector spaces in a natural way. In the number field
situation the dimensions λi have been investigated first by Rédei for l = 2 in [7], and then
for arbitrary l by Gras, see [5].
In this paper we study the dimensions λ1, λ2,μ1,μ2, in order to describe part of the
l-class groups. In Sections 2–4 we give a formula for λ1 (which can be found in the liter-
ature), and we show how to compute λ2, using class field theory. A key ingredient is the
genus field of the extension K/F . In Section 5 we compute μ1, and we use the map ϕ
linking Pic0(K) and C(K) to give bounds for μ2 in terms of λ2. We remark that in many
cases we are even able to determine μ2 exactly. We also discuss some applications: the con-
struction of cyclic function fields of degree l with given invariants λ1, λ2,μ1, satisfying
appropriate bounds for μ2, and also the construction of cyclic function fields of degree l
whose class numbers are divisible by high powers of l. In the last section we specialize to
the case l = 2, i.e., hyperelliptic function fields. In this case our computations determine
completely the structure of the 2-torsion of C(K) and of Pic0(K), the 4-torsion of C(K),
and they give bounds for the 4-torsion of Pic0(K).
2. Genus theory for function fields
Let again K/F be a cyclic extension of degree l. We need some results from class field
theory for function fields over finite fields. For proofs we refer to [1]. Let HK/K be the
Hilbert class field of K , i.e., the maximal unramified abelian extension of K , such that the
infinite primes of K (lying over ∞ of F ) split completely in HK . The genus field of K/F ,
denoted by HK/F , is the maximal subextension K ⊆ HK/F ⊆ HK which is abelian over F .
The Artin map induces isomorphisms
C(K) ∼= Gal(HK/K)
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C(K)l/C(K)σ−1l ∼= C(K)/C(K)σ−1 ∼= Gal(HK/F /K).
Thus lλ1 is equal to the degree [HK/F : K], which depends on the ramification of K/F . In
the sequel we let P1, . . . ,Pt ∈ OF be the finite primes (that is, irreducible polynomials)
ramifying in K . Then we have the following formula for [HK/F : K], cf. [1, Corol-
lary 2.2.10].
Theorem 2.1. Let e∞ and f∞ be the ramification and the inertia degree of ∞ in K/F ,
respectively. We put νK/F = 1 if q ≡ 1 mod l, or q ≡ 1 mod l and l | deg(Pi) for all
i = 1, . . . , t . Otherwise we put νK/F = l. Then
lλ1 = [HK/F : K] = ν−1K/F e∞f∞lt−1.
In particular, λ1 ∈ {t − 2, t − 1, t}.
In view of this theorem we have a formula for λ1 at hand. In order to be able to com-
pute λ2 in the next two sections, we need two further ingredients: an explicit description
of the extension HK/F /F , and a system of generators of the module C(K)Gl of elements
fixed by the action of the Galois group.
We start with the latter. First we remark that |C(K)Gl | = |C(K)l/C(K)σ−1l |, since we
have an exact sequence
1 → C(K)Gl → C(K)l → C(K)σ−1l → 1.
The following proposition describes C(K)Gl = C(K)G.
Proposition 2.2. Let I (K) be the group of fractionalOK -ideals and P(K) be the subgroup
of principal ideals. We have an exact sequence
1 → I (K)GP (K)/P (K) → C(K)G ψ−→O∗F ∩NK/F (K∗)/NK/F
(O∗K)→ 1.
The map ψ is defined as follows: If [a] is an ideal class in C(K)G, then there is α ∈ K∗
such that aσ−1 = αOK , and we put ψ([a]) = NK/F (α).
Proof. The exact sequence is a consequence of the long exact cohomology sequence
attached to the exact sequence of G-modules 1 → P(K) → I (K) → C(K) → 1. On
the other hand, one can also verify directly that ψ is well defined and the kernel is
I (K)GP (K)/P (K). For the surjectivity of ψ one invokes the fact Hˆ−1(G, I (K)) = 0. 
Let p1, . . . ,pt be the prime ideals of OK above the finite primes P1, . . . ,Pt of F ram-
ifying in K . Then I (K)GP (K) is generated by p1, . . . ,pt and P(K). For the image of ψ
we have im(ψ) = 0 or im(ψ) ∼= F∗q/F∗ lq . Since im(ψ) = 0 only if l | q − 1, we have the
following corollary.
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We now assume l | q − 1 for the rest of this section. Then the lth roots of unity are
contained in Fq ⊆ F , and K/F is a Kummer extension. Hence K = F( l
√
D), where
D = aP r11 · · ·P rtt , a ∈ F∗q, 1 r1, . . . , rt  l − 1. (1)
We summarize well-known results about the decomposition of ∞ in K/F , and the unit
group O∗K , in terms of the polynomial D (e.g., [9, Chapter 14]; the proof of Proposi-
tion 14.6 given there for l = 2 is easily seen to be valid for arbitrary l):
• ∞ ramifies in K iff l  deg(D). In this case O∗K = F∗q .
• ∞ is inert in K iff l | deg(D) and a /∈ F∗ lq . In this case O∗K = F∗q .
• ∞ splits completely in K iff l | deg(D) and a ∈ F∗ lq . Here O∗K ∼= F∗q × Zt−1.
We can now give the analogue of Corollary 2.3 for l | q − 1.
Corollary 2.4. Let l | q −1. Then C(K)Gl = 〈[p1], . . . , [pt ]〉, except in the following cases:
• l | deg(Pi) for all i = 1, . . . , t and a /∈ F∗ lq ;
• l | deg(Pi) for all i = 1, . . . , t and a ∈ F∗ lq and NK/F (O∗K) = F∗ lq ;
in these cases we have C(K)Gl = 〈[p1], . . . , [pt ], [a]〉, where a is a fractional K-ideal such
that aσ−1 = αOK with α ∈ K∗ satisfying NK/F (α) ∈ F∗q \ F∗ lq .
Proof. By [1, Proposition 2.2.9(i)] we have [O∗F : O∗F ∩ NK/F (K∗)] = νK/F , using the
notation of Theorem 2.1. Thus im(ψ) is trivial unless νK/F = 1 and NK/F (O∗K) = F∗ lq ,
and the claim follows from Proposition 2.2. 
Remark. Since any prime ideal of K that is inert over F is principal, and since the classes
of the ramified prime ideals are among the generators of C(K)G, we can assume without
loss of generality that a is an integral ideal such that all the prime ideals dividing it are
completely split in K/F .
As mentioned earlier, we need to know the genus field HK/F explicitly rather than just
its degree over K , at least when K/F is a Kummer extension. The next theorem solves this
problem. Let us fix an element γ ∈ F∗q \ F∗ lq . Then we can clearly assume that the leading
coefficient of the polynomial D satisfies either a = 1 or a = γ .
Theorem 2.5. Let l | q − 1 and K = F( l√D) with D as in (1) and a ∈ {1, γ }. Assume that
l  deg(P1), . . . ,deg(Ps) and l | deg(Ps+1), . . . ,deg(Pt ).
(i) If l  deg(D) and a = 1, then
HK/F = F
(
l
√
P1, . . . ,
l
√
Pt
)
.
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Then
HK/F = F
(
l
√
γ e1P1, . . . ,
l
√
γ esPs,
l
√
Ps+1, . . . , l
√
Pt
)
.
(iii) If l | deg(Pi) for i = 1, . . . , t (i.e. s = 0) and a = 1, then
HK/F = F
(
l
√
P1, . . . ,
l
√
Pt
)
.
(iv) If l | deg(Pi) for i = 1, . . . , t (i.e., s = 0) and a = γ , then
HK/F = F
(
l
√
γ ,
l
√
P1, . . . ,
l
√
Pt
)
.
(v) If l | deg(D) but l  deg(Pi) for some i (i.e., s  2), and a = 1, let ui ∈ N be such that
deg(P1)+ ui deg(Pi) ≡ 0 mod l for i = 2, . . . , s. Then
HK/F = F
(
l
√
P1P
u2
2 , . . . ,
l
√
P1P
us
s ,
l
√
Ps+1, . . . , l
√
Pt
)
.
(vi) If l | deg(D) but l  deg(Pi) for some i (i.e., s  2), and a = γ , then
HK/F = F
(
l
√
γ ,
l
√
P1P
u2
2 , . . . ,
l
√
P1P
us
s ,
l
√
Ps+1, . . . , l
√
Pt
)
,
with u2, . . . , us defined as in (v).
Proof (Sketch). One immediately verifies that all the fields have the right degree over K ,
given by Theorem 2.1, and it is clear that they are abelian over F . Thus it remains to show
in each case that
• the given field contains K as a subfield (easy, by construction);
• all finite primes of K are unramified (this is trivial);
• the infinite primes of K split completely. In other words, if we denote by e′∞ and f ′∞
the ramification degree and the inertia degree, respectively, of ∞ of F in the given
field, we must check that e′∞ = l and f ′∞ = 1 in cases (i) and (ii), e′∞ = 1 and f ′∞ = l
in cases (iv) and (vi), e′∞ = f ′∞ = 1 in cases (iii) and (v).
For further details, see the theorem in [6]. 
Remark. The Galois group Gal(HK/F /F ) is an elementary abelian l-group.
3. Structure of C(K)σ−1/C(K)(σ−1)2 if l | q − 1
We assume l | q − 1 in this section. Then K = F( l√D) with D = aP r11 · · ·P rtt as in (1)
and a ∈ {1, γ }, where again γ is a fixed element of F∗q which is not an lth power. The goal
of this section is to prove the following theorem.
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C(K)(σ−1)2l , depending only on a,P1, . . . ,Pt , r1, . . . , rt , if l  deg(Pi) for some i or both
a = 1 and NK/F (O∗K) = F∗q . Otherwise it depends in addition on A = NK/F (a) ∈ OF ,
where a ⊆OK is as in Corollary 2.4.
We define the composite map
Φ :C(K)Gl → C(K)l/C(K)σ−1l ∼= Gal(HK/F /K) ↪→ Gal(HK/F /F ), (2)
where the first map is induced by the inclusion C(K)Gl ⊆ C(K)l , and the isomorphism in
the middle is the Artin map. Hence
Φ
([b])= (HK/F /K
b
)
.
Since Φ is a linear map of Fl-vector spaces and
∣∣ker(Φ)∣∣= ∣∣C(K)Gl ∩ C(K)σ−1l ∣∣= ∣∣C(K)σ−1l /C(K)(σ−1)2l ∣∣,
we get
λ2 = dim
(C(K)σ−1l /C(K)(σ−1)2l )= dim(C(K)Gl )− dim(im(Φ))= λ1 − rk(M),
where λ1 is given by Theorem 2.1, and M ∈ Fu×vl is a matrix representing Φ . Here v = t or
v = t + 1, depending on whether or not C(K)Gl is generated by the classes of the ramified
prime ideals, and u = λ1 + 1.
We now give an explicit formula for M , according to the six cases considered in Theo-
rem 2.5. We use the notation of that theorem, and we put
η = γ (q−1)/ l,
which is a primitive lth root of unity. Furthermore we fix the following notation.
Notation. Let B,Q ∈ Fq [T ] with Q irreducible and Q  B . Then the lth power residue
symbol
(
B
Q
)
l
is the unique lth root of unity in F∗q such that
B(q
deg(Q)−1)/ l ≡
(
B
Q
)
l
mod Q.
If Q | B we set ( B
Q
)
l
= 0. If more generally C =∏ν Qmνν with Qν irreducible and mν > 0
we set (
B
C
)
=
∏( B
Qν
)mν
.l ν l
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that
( γ
C
)
l
= ηdeg(C), according to our choice of η.
(i) l  deg(D) and a = 1.
Here HK/F = K1 . . .Kt with Ki = F( l√Pi) for i = 1, . . . , t . We choose elements
σ1, . . . , σt ∈ Gal(HK/F /F ) such that for all i = 1, . . . , t ,
Gal(HK/F /K1 . . .Ki−1Ki+1 . . .Kt ) = 〈σi〉 and σi
(
l
√
Pi
)= η l√Pi.
Then Gal(HK/F /F ) is generated by σ1, . . . , σt , and Gal(HK/F /K) is the following Fl-
subspace of codimension 1:
Gal(HK/F /K) =
{
σ
k1
1 . . . σ
kt
t
∣∣∣∣∣
t∑
i=1
riki ≡ 0 mod l
}
.
We now define M = (mij )1i,jt by
Φ
([pj ])= σm1j1 . . . σmtjt , j = 1, . . . , t.
We have (
HK/F /K
pj
)(
l
√
Pi
)= Φ([pj ])( l√Pi )= ηmij l√Pi,
and on the other hand by definition of the Artin symbol(
HK/F /K
pj
)(
l
√
Pi
)≡ l√Piqdeg(Pj ) ≡ l√Pi(Pi
Pj
)
l
mod Pj ,
where Pj | pj is a prime ideal of HK/F . If we suppose that i = j , then Pi and Pj are
coprime, whence we get
ηmij =
(
Pi
Pj
)
l
.
This defines mij , and the diagonal entries mii are now given by the relation
t∑
i=1
rimij = 0
defining Gal(HK/F /K). Therefore we obtain the result
λ2 = t − 1 − rk(M).
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Again HK/F = K1 . . .Kt , but now
Ki =
{
F( l
√
γ eiPi ), i = 1, . . . , s,
F ( l
√
Pi), i = s + 1, . . . , t.
Accordingly we define σi this time by σi( l
√
γ eiPi ) = η l√γ eiPi for i = 1, . . . , s, and
σi(
l
√
Pi) = η l√Pi for i = s+1, . . . , t . The integers ei from Theorem 2.5 satisfy∑si=1 eiri ≡
1 mod l. This implies that
D = β(γ e1P1)r1 . . . (γ esPs)rs P rs+1s+1 . . . P rtt
with β ∈ F∗ lq . Hence we have again
Gal(HK/F /K) =
{
σ
k1
1 . . . σ
kt
t
∣∣∣∣∣
t∑
i=1
riki ≡ 0 mod l
}
,
and if we define M = (mij )1i,jt as in case (i), we get in an analogous way
ηmij =
⎧⎨
⎩
( γ ei Pi
Pj
)
l
= ( Pi
Pj
)
l
ηei deg(Pj ), i = 1, . . . , s,(
Pi
Pj
)
l
, i = s + 1, . . . , t,
if i = j , and ∑ti=1 rimij = 0, and we can compute
λ2 = t − 1 − rk(M).
(iii) l | deg(Pi) for i = 1, . . . , t and a = 1.
In this case the Ki and the σi can be chosen as in (i). If NK/F (O∗K) = F∗q , then C(K)Gl
is generated by the classes of p1, . . . ,pt , and we get
λ2 = t − 1 − rk(M),
with the same matrix M as in (i).
On the other hand, if NK/F (O∗K) = F∗ lq , we have to include [a] as a generator
of C(K)Gl , and we let M = (mij )1it, 0jt , where the mij for j > 0 are defined as
before, and
Φ
([a])= σm101 . . . σmt0t .
Write a = ∏ν qmνν . As mentioned earlier, we can suppose that each qν lies above a
prime Qν of F that splits completely in K/F . Thus Qν = NK/F (qν) and A =∏ν Qmνν ,
and we find (
HK/F /K
)(
l
√
Pi
)= l√Pi( Pi ) ,qν Qν l
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a
)(
l
√
Pi
)= l√Pi(Pi
A
)
l
.
This yields
ηmi0 =
(
Pi
A
)
l
for i = 1, . . . , t , and completes the computation of
λ2 = t − 1 − rk(M).
(iv) l | deg(Pi) for i = 1, . . . , t and a = γ .
We have HK/F = K0K1 . . .Kt , with K0 = F( l√γ ), and Ki = F( l√Pi) for i  1. Choose
σ1, . . . , σt as before (but this time also fixing K0), and in addition σ0 such that
Gal(HK/F /K1 . . .Kt ) = 〈σ0〉 and σ0
(
l
√
γ
)= η l√γ .
Here
Gal(HK/F /K) =
{
σ
k0
0 . . . σ
kt
t
∣∣∣∣∣ k0 +
t∑
i=1
riki ≡ 0 mod l
}
.
In this situation C(K)Gl = 〈[p1], . . . , [pt ], [a]〉, with a as in (iii). Define M = (mij )0i,jt
via
Φ
([pj ])= σm0j0 . . . σmtjt , j = 1, . . . , t,
and
Φ
([a])= σm000 . . . σmt0t .
If j > 0 we find, similarly as before,
ηm0j =
(
γ
Pj
)
l
= ηdeg(Pj ) = 1, i.e., m0j = 0,
and if in addition i > 0,
ηmij =
(
Pi
Pj
)
l
if i = j, and
t∑
rimij = 0.
i=1
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ηmi0 =
(
Pi
A
)
l
if i > 0,
and
ηm00 =
(
γ
A
)
l
= ηdeg(A), i.e., m00 ≡ deg(A) mod l.
Finally we can compute
λ2 = t − rk(M).
(v) l | deg(D) but l  deg(P1), . . . ,deg(Ps) with s  2, and a = 1.
In this case we have HK/F = K2 . . .Kt , where we put
Ki =
{
F
(
l
√
P1P
ui
i
)
, i = 2, . . . , s,
F ( l
√
Pi), i = s + 1, . . . , t,
with u2, . . . , us as in Theorem 2.5. We choose generators σ2, . . . , σt of Gal(HK/F /F ) such
that
Gal(HK/F /K2 . . .Ki−1Ki+1 . . .Kt ) = 〈σi〉,
with σi( l
√
P1P
ui
i ) = η l
√
P1P
ui
i for i = 2, . . . , s, and σi( l
√
Pi) = η l√Pi for i = s + 1, . . . , t .
Define x2, . . . , xs ∈ Z by
xi ≡ ri
ui
mod l.
Now D = P r11 . . . P rtt and l | deg(D) implies, together with the defining property of ui :
deg(P1)(r1 − x2 − · · · − xs) ≡ deg(P1)(r1 − r2/u2 − · · · − rs/us)
≡
s∑
i=1
ri deg(Pi) ≡ 0 mod l,
and therefore r1 ≡ x2 + · · · + xs mod l. Hence there exists a rational function B ∈ F such
that
D = Bl(P1Pu2)x2 . . . (P1Puss )xsP rs+1 . . . P rtt .2 s+1
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Gal(HK/F /K) =
{
σ
k2
2 . . . σ
kt
t
∣∣∣∣∣
s∑
i=2
kixi +
t∑
i=s+1
kiri ≡ 0 mod l
}
.
The matrix M = (mij )2it,1jt is defined via
Φ
([pj ])= σm2j2 . . . σmtjt , j = 1, . . . , t.
We now have to compute the mij . Suppose first that j > 1. If i = j we obtain, similar to
the other cases,
ηmij =
⎧⎪⎨
⎪⎩
(
P1P
ui
i
Pj
)
l
, i = 2, . . . , s,(
Pi
Pj
)
l
, i = s + 1, . . . , t,
and the diagonal entries mii can be computed using the relation
s∑
i=2
mijxi +
t∑
i=s+1
mij ri = 0. (3)
Now let j = 1. If i > s, then one has again
ηmi1 =
(
Pi
P1
)
l
.
However, things get more complicated if i  s, since P1Puii is not coprime to P1. We
abbreviate ρ = (HK/F /Kp1 ) and
αi = l
√
P1P
ui
i , i = 2, . . . , s.
Then ρ(αi) = ηmi1αi .
Lemma 3.2. The matrix entries m21, . . . ,ms1 ∈ Fl are uniquely determined by the follow-
ing system of linear equations of size (s − 1)× (s − 1) over Fl :⎛
⎜⎜⎜⎜⎜⎝
1 l − 1 0 . . . 0
1 0 l − 1 . . . ...
...
...
. . .
. . . 0
1 0 . . . 0 l − 1
⎞
⎟⎟⎟⎟⎟⎠
⎛
⎜⎜⎝
m21
m31
...
ms1
⎞
⎟⎟⎠=
⎛
⎜⎜⎜⎜⎝
b3
b4
...
bs
c
⎞
⎟⎟⎟⎟⎠ ,x2 x3 . . . xs−1 xs
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ηbi =
(
P
u2
2 P
(l−1)ui
i
P1
)
l
, i = 3, . . . , s, and c = −
t∑
i=s+1
mi1ri .
Proof. For i = 3, . . . , s we find
ρ(α2)ρ(αi)
l−1 = ρ(α2αl−1i )= P1ρ( l
√
P
u2
2 P
(l−1)ui
i
)
.
Now the expression under the lth root is coprime to P1, and we can apply the same reason-
ing as before to conclude that
ρ
(
l
√
P
u2
2 P
(l−1)ui
i
)
= l
√
P
u2
2 P
(l−1)ui
i
(
P
u2
2 P
(l−1)ui
i
P1
)
l
.
Thus we have
ηm21+(l−1)mi1 =
(
P
u2
2 P
(l−1)ui
i
P1
)
l
, i = 3, . . . , s,
which corresponds to the first s − 2 rows of the linear system. Now the last row is nothing
more than the relation (3). It remains to show that the matrix of the linear system is of max-
imal rank. So assume that the first column is linearly dependent of the last s − 2 columns.
Then
−x2 ≡ (l − 1)x2 ≡ x3 + · · · + xs mod l.
But then r1 ≡ x2 + · · · + xs ≡ 0 mod l, a contradiction. 
Now the matrix M is determined, and we can finally evaluate
λ2 = t − 2 − rk(M).
(vi) l | deg(D) but l  deg(P1), . . . ,deg(Ps) with s  2, and a = γ .
Here we have HK/F = K0K2 . . .Kt , with K0 = F( l√γ ) and the other Ki as in (v).
We choose σ2, . . . , σt ∈ Gal(HK/F /F ) with the same properties as before, this time also
fixing K0. Eventually σ0 is defined by
Gal(HK/F /K2 . . .Kt ) = 〈σ0〉 and σ0
(
l
√
γ
)= η l√γ .
We now define the matrix M = (mij )i=0,2,...,t, j=1,...,t by
Φ
([pj ])= σm0j σm2j . . . σmtjt , j = 1, . . . , t.0 2
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ηm0j =
(
γ
Pj
)
l
= ηdeg(Pj ), i.e., m0j ≡ deg(Pj ) mod l,
as in (iv). For the computation of mij with i  2 one proceeds in exactly the same way
as in (v) (again first for j > 1, then for j = 1 by means of the linear system). The only
difference is that one has to replace the relation (3) this time by
m0j +
s∑
i=2
mijxi +
t∑
i=s+1
mij ri = 0;
accordingly the value c in Lemma 3.2 has to be replaced by c = −m01 −∑ti=s+1 mi1ri .
From this we get
λ2 = t − 1 − rk(M).
The proof of Theorem 3.1 is complete!
4. Structure of C(K)σ−1/C(K)(σ−1)2 if l  q − 1
In this section we suppose that l  q − 1. Again we denote by P1, . . . ,Pt ∈ OF the
finite primes that ramify in K . We would like to work with Kummer extensions again,
so we adjoin the lth roots of unity to our base field F . Thus let n > 1 be minimal with
qn ≡ 1 mod l, and put F ′ = Fqn(T ) and K ′ = KFqn . Then K ′/F ′ is a Kummer extension
with Galois group G′ = Gal(K ′/F ′) = 〈σ ′〉. Note that Gal(K/F) = 〈σ 〉 with σ = σ ′ | K .
In this situation there is a polynomial D ∈ OF ′ = Fqn [T ] such that K ′ = F ′( l
√
D). It is
well known how to find D explicitly.
Proposition 4.1. Let η ∈ F∗qn be a primitive lth root of unity, and let ξ ∈OK be a primitive
element of K/F , i.e., K = F(ξ) such that
β =
l−1∑
i=0
ηiσ i(ξ) = 0.
Then D = βl ∈OF ′ and K ′ = F ′( l
√
D).
Proof. The existence of ξ is clear since the automorphisms 1, σ, . . . , σ l−1 are F -linearly
independent. Furthermore σ ′(β) = η−1β , thus β /∈ F ′ and βl ∈ F ′, which proves the
proposition. 
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Pi ∈OF decomposes as
Pi = Pi,1 . . . Pi,wi
over F ′. We put P ′i = Pi,1 ∈OF ′ for i = 1, . . . , t . In addition we denote the set of all Pi,j
with i = 1, . . . , t, j = 1, . . . ,wi , by {Q1, . . . ,Qw}. It is clear that Q1, . . . ,Qw are exactly
the finite F ′-primes that ramify in K ′, whence we can write
D = aQr11 . . .Qrww , a ∈ F∗qn, 1 r1, . . . , rw  l − 1.
We can now state the analogue of Theorem 3.1.
Theorem 4.2. There is an effective method to compute the Fl-dimension λ2 of C(K)σ−1l /
C(K)(σ−1)2l , depending only on a,Q1, . . . ,Qw, r1, . . . , rw .
We denote by p′i the unique prime ideal of K ′ above P ′i , and we set pi = p′i ∩OK . We
recall that by Corollary 2.3 the classes of the pi generate C(K)Gl . In order to prove the
theorem, we define a map Φ similar to the map in (2):
Φ :C(K)Gl → C(K)l/C(K)σ−1l ∼= Gal(HK/F /K)
ι−1∼= Gal(HK/FK ′/K ′)
↪→ Gal(HK ′/F ′/K ′) ↪→ Gal(HK ′/F ′/F ′),
where the first map is induced C(K)Gl ⊆ C(K)l , the following isomorphism is the Artin
map, and ι : Gal(HK/FK ′/K ′)
∼=→ Gal(HK/F /K) is given by restriction. Thus ι maps(HK/FK ′/K ′
p′i
)
to
( HK/F /K
NK ′/K(p′i )
)= (HK/F /Kpi )n/wi , and this implies that
Φ
([pi])= (HK ′/F ′/K ′
p′i
)bi
,
where bi ∈ Z with bi nwi ≡ 1 mod l. As in the preceding section we find that
λ2 = dim
(C(K)σ−1l /C(K)(σ−1)2l )= dim(C(K)Gl )− dim(im(Φ))= λ1 − dim(im(Φ)).
In the same way as before we have dim(im(Φ)) = rk(M), where M ∈ Fu×tl with lu =[HK ′/F ′ : F ′] represents the linear map Φ .
Since we know HK ′/F ′ by Theorem 2.5, the determination of M now proceeds along
the lines of Section 3, again by distinguishing six cases. Everything is straightforward, and
we leave the details to the reader. We confine ourselves to giving, as an example, the result
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find that M = (mij )i=1,...,t, j=1,...,w is given by lth power residue symbols in Fqn , viz.,
ηmij =
(
Qi
P ′j
)bj
l
unless Qi = P ′j , in which case mij can be recovered from the relation
∑w
i=1 mij ri = 0.
This yields
λ2 = t − 1 − rk(M).
We remark that (in all cases) the rank of the matrix M does not depend on the integers bj .
The proof of Theorem 4.2 is complete.
5. Geometric interpretation
In this section we study the Galois module Pic0(K)l , i.e., the l-part of the group of
divisor classes of degree zero. In particular we compute the exact dimension μ1 of
Pic0(K)l/Pic0(K)σ−1l ,
and we use the results of the preceding sections to give bounds for the dimension μ2 of
Pic0(K)σ−1l /Pic
0(K)(σ−1)
2
l .
We recall that Pic0(K) = JX(Fq), the group of points defined over Fq on the Jacobian
of X, where X/Fq is the projective curve corresponding to the function field K .
There is a close link between Pic0(K) and C(K), namely a G-module homomorphism
ϕ : Pic0(K) → C(K),
[∑
p
app
]
→
[∏
p∞
pap
]
,
where p runs through all places of K . We have the following properties (cf. [9, Proposi-
tion 14.1]).
Proposition 5.1.
(a) If ∞ is ramified in K/F , then ϕ induces an isomorphism
Pic0(K)l ∼= C(K)l .
(b) If ∞ is inert in K/F , then we have an exact sequence
0 → Pic0(K)l → C(K)l → Z/lZ → 0.
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0 → ker(ϕ) → Pic0(K)l → C(K)l → 0,
where ker(ϕ) is generated by the classes of ∞2 − ∞1, . . . ,∞l − ∞1. The cardinality
of ker(ϕ) is equal to the regulator of K .
The regulator of K is by definition the absolute value of any (l − 1)× (l − 1)-minor of
the matrix (v∞j (εi))i=1,...,l−1, j=1,...,l , where ε1, . . . , εl−1 is a system of fundamental units
of OK .
The dimension μ1 = dim(Pic0(K)G) has been computed by Rosen in many cases (see
Theorem 9 and the subsequent remark in [8]), using cohomological methods. We now state
his results. As usual we denote by P1, . . . ,Pt the finite primes of F that ramify in K .
Theorem 5.2.
(a) If ∞ is ramified, then
μ1 =
{
t, q ≡ 1 mod l,
t − 1, q ≡ 1 mod l.
(b) If ∞ is unramified and l  deg(Pi) for some i, then
μ1 =
{
t − 1, q ≡ 1 mod l,
t − 2, q ≡ 1 mod l.
(c) If ∞ is unramified and l | deg(Pi) for all i and q ≡ 1 mod l, then μ1 = t .
It remains to study the case where ∞ is unramified, l | deg(Pi) for all i and q ≡ 1 mod l.
In this situation we have again K = F( l√D), with D as in (1). We can generalize an idea
that Cornelissen used in [4] to deal with the case l = 2. However, note that the statement
of his Theorem 1.4 has to be slightly modified.
Theorem 5.3. If q ≡ 1 mod l and l | deg(Pi) for all i, then
μ1 =
{
t − 1, l = 2 and deg(D) ≡ 2 mod 4,
t, otherwise.
Proof. Let Fq be an algebraic closure of Fq , and put F = FFq , K = KFq . We denote
Gal(K/F) by G as well. Put d =∑ti=1 di with di = deg(Pi). Then by [8, Theorems 16,
3B] we know that dim(Pic0(K)G) = d − 2. This remains true if we replace F and K by
the composition of F and K with the splitting field S of D over Fq . If Γ = Gal(S/Fq),
then Pic0(K)G = (Pic0(K)G)Γ . Therefore the computation of the dimension will proceed
in two steps. We first give a basis of the (d − 2)-dimensional vector space Pic0(K)G, and
then investigate how a generator g of the cyclic group Γ acts on it.
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Denote by q(i)j the unique prime ideal of K over Q
(i)
j . Then it is easily seen that every
element of Pic0(K)G is supported on the set of all q(i)j . Thus the classes of the divisors
Δ
(i)
j = q(i)j − q(1)1
with i = 1, . . . , t , j = 1, . . . , di , (i, j) = (1,1) generate Pic0(K)G, and there is a relation
∑
i,j, (i,j) =(1,1)
riΔ
(i)
j ∼ 0,
since the divisor on the left is the divisor of the function l
√
D/Q
deg(D)/l
1 . Thus the Δ
(i)
j with
(i, j) /∈ {(1,1), (t, dt )} constitute a basis of Pic0(K)G. Now g acts as a cyclic permutation
on the roots of each Pi , which induces an action on q(i)1 , . . . ,q
(i)
di
, and we suppose that the
q
(i)
j are labeled in a way such that g(q
(i)
j ) = q(i)j+1, where the index is mod di . Hence we
find that
g
⎛
⎝ [Δ
(1)
2 ]
...[
Δ
(t)
dt−1
]
⎞
⎠= A
⎛
⎝ [Δ
(1)
2 ]
...[
Δ
(t)
dt−1
]
⎞
⎠ ,
where A is a ((d − 2) × (d − 2))-matrix over Fl ; its precise form is given below. The
above discussion shows that the dimension of Pic0(K)G is equal to the dimension of the
eigenspace of A corresponding to the eigenvalue 1 (this dimension being 0 if 1 is not an
eigenvalue of A), i.e.,
dim
(
Pic0(K)G
)= d − 2 − rk(E −A), (4)
where E is the identity matrix. If t = 1 one easily checks that
A =
⎛
⎜⎜⎝
−1 1
...
. . .
−1 1
−2 −1 . . . −1
⎞
⎟⎟⎠ ∈ F(d−2)×(d−2)l .
Performing elementary operations on the columns of E − A, we can transform its first
column into (0, . . . ,0, x)T with x = d(d − 1)/2. Since the last d − 3 columns of E − A
are clearly linearly independent, we get that d − 2 − rk(E − A) = 1 unless x = 0, which
happens if and only if l = 2 and 4  d = deg(D).
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onal, where
A1 =
⎛
⎜⎜⎝
−1 1
...
. . .
−1 1
−1
⎞
⎟⎟⎠ ∈ F(d1−1)×(d1−1)l
and
Ai =
⎛
⎜⎜⎝
1
. . .
1
1
⎞
⎟⎟⎠ ∈ Fdi×dil
for i = 2, . . . , t − 1, and
At =
⎛
⎜⎜⎝
1
. . .
1
−1 −1 . . . −1
⎞
⎟⎟⎠ ∈ F(dt−1)×(dt−1)l ;
in addition, all elements in the first column of A except the last one are equal to −1, and
the last row of A is
(−ρ1 − 1,−ρ1, . . . ,−ρ1︸ ︷︷ ︸
d1−1
,−ρ2, . . . ,−ρ2︸ ︷︷ ︸
d2
, . . . ,−ρt−1, . . . ,−ρt−1︸ ︷︷ ︸
dt−1
,−1, . . . ,−1︸ ︷︷ ︸
dt−1
)
with
ρi = ri/rt for i = 1, . . . , t − 1.
Note that the −1’s are the elements of the last row of At .
The upper right (d − 3)× (d − 3)-block of E −A has rank d − 3 − (t − 1), since each
E −Ai has rank di − 1 for i = 2, . . . , t − 1, the last d1 − 2 columns of E −A1 are linearly
independent, and in the same manner the first dt − 2 lines of E − At . Now again the first
column of E − A can be transformed into (0, . . . ,0, x)T by elementary operations, this
time with
x =
t−1∑
i=1
ρi
di(di − 1)
2
+ (dt − 1)(dt − 2)
2
− 1.
Hence if l > 2 we always have x = 0 in Fl , whereas for l = 2 we have x = 1 +
1
2 (deg(D)− 2), which is zero iff 4 | deg(D). Using (4) this proves the claim. 
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[8, Theorem 9]) for cyclic extensions of F = Fq(T ) of prime degree.
We have determined μ1, and we know λ1 from Theorem 2.1. Using Proposition 5.1,
we can now give bounds for μ2 depending on λ2. We recall that we have completely
determined λ2 in Sections 3 and 4.
Corollary 5.4.
(a) If ∞ is ramified in K/F then μ2 = λ2.
(b) Suppose ∞ is inert in K/F and l  deg(Pi) for some i. Then μ2 = λ2.
(c) Suppose ∞ is inert in K/F and l | deg(Pi) for all i. If l = 2 and ∑ti=1 deg(Pi) ≡
2 mod 4, then μ2 = λ2. Otherwise μ2 = λ2 or μ2 = λ2 − 1.
(d) Suppose ∞ splits completely in K/F and l  deg(Pi) for some i. Let R be the regulator
of K . Then λ2  μ2  λ2 + logl(R).
(e) Suppose ∞ splits completely in K/F and l | deg(Pi) for all i. Let R be the regulator
of K . Then
λ2  μ2  λ2 +
{
logl (R), l = 2 and
∑t
i=1 deg(Pi) ≡ 2 mod 4,
logl (R)− 1, otherwise.
Using part (a) of the above corollary together with the results discussed earlier provides
us with an algorithm for constructing cyclic function fields ramified in ∞ with given para-
meters μ1,μ2, λ1, λ2. If on the other hand one is interested in constructing function fields
that are unramified in ∞, the above methods will in general only yield bounds on μ2.
An application thereof is the following: Construct cyclic function fields of degree l
whose class numbers are divisible by high powers of l. Suppose for example that q ≡
1 mod l, and let K = F( l√D) with D = P r11 . . . P rtt , where P1, . . . ,Pt ∈ Fq [T ] are irre-
ducible polynomials and l  deg(D). Then λ1 = μ1 = t −1, and λ2 = μ2 is maximal (equal
to t − 1) if and only if (
Pi
Pj
)
l
= 1 for all i = j,
i.e., each Pi is an lth power modulo each Pj . In this situation l2t−2 divides |C(K)| =
|Pic0(K)|.
6. 4-Torsion on Jacobians of hyperelliptic curves over finite fields
In this section we briefly consider the special case l = 2. Here K is a hyperelliptic
function field of genus g  1 (unless K/F is a constant field extension), and in view of the
results in Sections 2, 3 we can determine the structure of the 2-torsion and the 4-torsion
of C(K). Now Pic0(K) is equal to JX(Fq), the points defined over Fq on the Jacobian
JX of the hyperelliptic curve X/Fq corresponding to K . Thus the knowledge of μ1 and
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In particular Corollary 5.4 yields bounds (and even exact values in many cases) for the
4-torsion on JX(Fq). Similarly it is now straightforward how to construct hyperelliptic
curves X/Fq with given 4-torsion on JX(Fq).
Let us summarize the results of Section 3 in the special case of elliptic curves.
Proposition 6.1. Let E/Fq be an elliptic curve, and suppose that char(Fq) = 2,3. Let E
be given by an affine Weierstrass equation y2 = D(T ), where D ∈ Fq [T ] is monic without
multiple zeroes. We denote by E(Fq)2 the 2-part of the group E(Fq), and we let χ be the
non-trivial quadratic character of F∗q .
(a) If D(T ) is irreducible, then E(Fq)2 = 0.
(b) If D(T ) = (T − a)(T 2 + uT + v) with χ(u2 − 4v) = −1, then E(Fq)2 is cyclic and
non-trivial, and
4
∣∣ ∣∣E(Fq)2∣∣ ⇐⇒ χ(a2 + ua + v)= 1.
(c) If D(T ) = (T −a1)(T −a2)(T −a3), set χ(aj −ai) = (−1)mij for i = j . Then E(Fq)2
has rank 2, and the 4-rank of E(Fq)2 equals
2 − rk
(−m21 −m31 m12 m13
m21 −m12 −m32 m23
m31 m32 −m13 −m23
)
.
We conclude the paper by considering the special case of a hyperelliptic function
field K/F such that ∞ is inert, and all primes of F that ramify in K have even degree;
thus K = F(√D) with
D = γP1 . . . Pt ,
γ ∈ F∗q \ F∗q2, and deg(Pi) even for all i = 1, . . . , t . We have seen in Section 3 that the 4-
rank of C(K) depends not only on P1, . . . ,Pt , but also on A = NK/F (a), where a ⊆OK
is an ideal such that a2 = αOK is principal, with NK/F (α) a non-square in F∗q . In this
situation we can describe how to construct A. By Artin’s thesis (cf. [2]), choose β ∈ F∗q
such that β2 −4γ is a non-square in F∗q , and let (A,B) with deg(B) < deg(A) be a solution
of the quadratic form
D = γP1 . . . Pt = γA2 + βAB +B2.
This defines the polynomial A we need.
As an application we can give a generalization to arbitrary t  1 of Theorem 1 in [3].
Proposition 6.2. Let K = F(√D) with D as above. If 4  deg(D) then the 4-rank of C(K)
is at most t − 1. If 4 | deg(D) then the 4-rank of C(K) is at least 1.
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M = (mij )0i,jt is a matrix over Fl . The sum of the entries in each column of M
equals zero. The first row of M is (m00,0, . . . ,0), with m00 ≡ deg(A) ≡ 12 deg(D) mod 2.
Thus m00 = 1 if 4  deg(D), whence rk(M)  1 and 4-rank(C(K))  t − 1. If on the
other hand 4 | deg(D), then the first row of M is (0, . . . ,0), whence rk(M)  t − 1 and
4-rank(C(K)) 1. 
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